Let Φ be a nuclear space and let Φ ′ β denote its strong dual. In this paper we introduce sufficient conditions for a cylindrical process in Φ ′ to have a version that is a Φ ′ β -valued continuous or cádlág process. We also establish sufficient conditions for the existence of such a version taking values and having finite moments in a Hilbert space continuously embedded in Φ ′ β . Finally, we apply our results to the study of properties of cylindrical martingales in Φ ′ .
Introduction
Probability theory in infinite dimensional spaces has been an area under intensive development since the 1960s. There are several monographs devoted to the study of stochastic processes and measures defined on these spaces; we can cite for example [2, 5, 12, 13, 19, 20, 34, 36] .
Among the range of topics within the theory of probability on infinite dimensional spaces is the study of cylindrical probability measures, that is, finitely additive set functions that have "projections" on finite dimensional spaces that are probability measures. In general, cylindrical probability measures do not necessarily extend to a countably additive probability measures; the investigation of this problem led to the celebrated discoveries of Minlos (see [22] ) and Sazonov (see [32] ) in the context of duals of countably Hilbertian nuclear spaces and of Hilbert spaces respectively, which establish necessary and sufficient conditions in terms of the continuity of the Fourier transform of a cylindrical measure for this extension to be possible.
Associated to the concept of cylindrical measures is that of cylindrical random variables. These are similar to the usual random variables but their laws are cylindrical, rather than bona fide, probability measures. Recently, cylindrical processes, i.e. collections of cylindrical random variables indexed by time, are increasingly attracting attention because they appear naturally as the driving noise of stochastic partial differential equations (see e.g. [1, 17, 27, 29, 30, 31, 37] ).
Parallel to the problem of finding conditions for the extension of cylindrical probability measures to countably additive probability measures is the problem of finding a random variable Y in the underlying space that is a version of a given cylindrical random variable X, where here "version" means that Y coincides almost surely with X when evaluated with respect to any element of the dual space. In the case of the dual of a nuclear space, the regularization theorem of Itô and Nawata (see [14] ) established necessary and sufficient conditions for the existence of such a version for a cylindrical random variable. As a consequence of the regularization theorem we can establish sufficient conditions for the existence of an stochastic process that is a version of a given cylindrical process.
In [24] , Mitoma addressed the more specialized problem of establishing sufficient conditions for an stochastic process taking values in the dual of a nuclear Fréchet space to have a continuous or a right-continuous with left limits version. There are several applications for this result. Some examples are the study of self-intersection local times of density processes in S ′ (R d ) (see [4] ) and the study of regularity properties of the limit process of many-server queueing systems (see [18] ). By using different techniques, several authors extended Mitoma's work by establishing different conditions on the nuclear space and on the stochastic processes (see [8, 10, 21] ).
In this paper we carried out a further extension by showing that under some natural conditions a cylindrical processes in the dual of a nuclear space (no other conditions are assumed on the space) has a continuous or a right-continuous with left limits version. To the extend of our knowledge our result is the more general result of its type that can be found on the literature. Moreover, our result is a natural generalization of the regularization theorem of Itô and Nawata for cylindrical random variables.
As well as from proving this result, we also introduce some new results on the existence of continuous and càdlàg versions taking values in a Hilbert space continuously embedded in the dual of a nuclear space. Then we apply our results to the existence of continuous and càdlàg versions for stochastic processes and to the study of martingales taking values in the dual of a nuclear space.
We remark that we have successfully applied the results obtained in this paper to other problems, for example to prove the Lévy-Itô decomposition for Lévy processes taking values in the strong dual of a reflexive nuclear space and to the introduction of a new theory of stochastic integration for operator-valued processes with respect to Lévy processes on the dual of a nuclear space; both of these are furthermore applied to the study of stochastic evolution equations driven by Lévy noise in duals of nuclear spaces (see [9] ). These results will be published elsewhere.
The organization of the paper is as follows. In Section 2 we review the basic concepts on nuclear spaces and of random processes defined on its strong dual that we will need throughout this paper. Section 3 is devoted to the proof of our main result (Theorem 3.2). In Section 4 we prove several modifications of our result for the existence of continuous and càdlàg versions taking values in a Hilbert space continuously embedded in the dual of a nuclear space. Finally, in Section 5 we apply our results to study cylindrical martingales in the dual of a nuclear space.
Preliminaries

Nuclear Spaces
In this section we introduce our notation and review some of the key concepts that we will need throughout this paper. For detailed information on locally convex spaces the reader is referred to [15, 33, 35] .
Let Φ be a locally convex space (over R or C). If p is a continuous semi-norm on Φ and r > 0, the closed ball of radius r of p given by B p (r) = {φ ∈ Φ : p(φ) ≤ r} is a closed, convex, balanced neighborhood of zero in Φ.
A continuous semi-norm (respectively a norm) p on Φ is called Hilbertian if p(φ) 2 = Q(φ, φ), for all φ ∈ Φ, where Q is a symmetric, non-negative bilinear form (respectively inner product) on Φ×Φ. Let Φ p be the Hilbert space that corresponds to the completion of the pre-Hilbert space (Φ/ker(p),p), wherep(φ+ker(p)) = p(φ) for each φ ∈ Φ. The quotient map Φ → Φ/ker(p) has an unique continuous linear extension i p : Φ → Φ p .
Let q be another continuous Hilbertian semi-norm on Φ for which p ≤ q. In this case, ker(q) ⊆ ker(p). Moreover, the inclusion map from Φ/ker(q) into Φ/ker(p) is linear and continuous, and therefore it has a unique continuous extension i p,q : Φ q → Φ p . Furthermore, we have the following relation:
We denote by Φ ′ the topological dual of Φ and by f [φ] the canonical pairing of elements f ∈ Φ ′ , φ ∈ Φ. We denote by Φ ′ β the dual space Φ ′ equipped with its strong topology β, i.e. β is the topology on Φ ′ generated by the family of semi-norms {η B }, where for each B ⊆ Φ ′ bounded we have 
and it is linear and continuous. Let p and q be continuous Hilbertian semi-norms on Φ such that p ≤ q. The space of continuous linear operators (respectively Hilbert-Schmidt operators) from
) and the operator norm (respectively Hilbert-Schmidt norm) is denote by ||·|| L(Φq,Φp) (respectively ||·|| L2(Φq,Φp) ). We employ an analogue notation for operators between the dual spaces Φ ′ p and Φ ′ q . Among the many equivalent definitions of a nuclear space (see [28, 35] ), the following is the most useful for our purposes. Definition 2.1. A (Hausdorff) locally convex space (Φ, T ) is called nuclear if its topology T is generated by a family Π of Hilbertian semi-norms such that for each p ∈ Π there exists q ∈ Π, satisfying p ≤ q and the canonical inclusion i p,q : Φ q → Φ p is Hilbert-Schmidt.
Example 2.2. The following locally convex spaces are nuclear (see [35] , Chapter 51 and [28] Definition 2.3. Let Φ be a vector space and let Π by a family of Hilbertian semi-norms on Φ such that for each p ∈ Π the Hilbert space Φ p is separable. The locally convex topology T on Φ generated by the family Π is called multi-Hilbertian (respectively countably Hilbertian if Π is countable). The space (Φ, T ) is called a multi-Hilbertian space (respectively countably Hilbertian).
If (Φ, T ) is a nuclear space and p is a continuous Hilbertian semi-norm on Φ, the Hilbert space Φ p is separable (see [28] , Proposition 4.4.9 and Theorem 4.4.10, p.82). Therefore, every nuclear space is multi-Hilbertian.
Let (Φ, T ) be a multi-Hilbertian space and let {p n } n∈N be an increasing sequence of continuous Hilbertian semi-norms on (Φ, T ). Denote by θ the countably Hilbertian topology on Φ generated by the semi-norms {p n } n∈N . The topology θ is weaker than T . We denote by Φ θ the space (Φ, θ). Some properties of the space Φ θ are listed below: Proposition 2.4. In the above notation, (1) Φ θ is a separable pseudo-metrizable locally convex space and
(2) The completion Φ θ of Φ θ is separable, complete, pseudo-metrizable space and it is furthermore a Baire space.
Proof.
(1) The fact that Φ θ is pseudo-metrizable and that d is a pseudo-metric is a consequence that its topology is generated by a countable number of semi-norms (see [26] , Theorem 5.6.1, p.123). The fact that Φ θ is separable is a consequence of the fact that {p n } n∈N generates the topology θ and that Φ pn is separable for each n ∈ N (see [28] , Theorem 4.4.10, p.82-3).
(2) The completion Φ θ of Φ θ is again a pseudo-metrizable locally convex space (see [26] , Theorem 3.7.1, p.60) and hence by (an extension of) the Baire category theorem (see [26] , Theorem 11.7.2, p.393) it follows that Φ θ is a Baire space.
(3) It is well-know that the dual space of Φ θ is equal to n∈N Φ ′ pn . On the other hand, the dual space ( Φ θ )
′ of Φ θ can be identified (algebraically) with the dual space Φ ′ θ of Φ θ (see [15] , Corollary 4, Section 3.4, p.63), thus we obtain (2.1).
Remark 2.5. Even if (Φ, T ) is Hausdorff this does not in general implies that Φ θ is Hausdorff. However, if Φ θ is Hausdorff the pseudo-metric d defined in Proposition 2.4 is a metric and hence Φ θ is metrizable (see [15] , Theorem 1, Section 2.8, p.40). Moreover, in that case Φ θ is a Fréchet space and it is (isomorphic to) the projective limit proj n∈N Φ pn (see [15] , Corollary 7, Section 3.4, p.63).
Cylindrical and Stochastic Processes
Assumption 2.6. Unless otherwise specified, in this section Φ will always denote a multi-Hilbertian space over R.
Let (Ω, F , P) be a complete probability space. We denote by L 0 (Ω, F , P) the space of equivalence classes of real-valued random variables defined on (Ω, F , P). We always consider the space L 0 (Ω, F , P) equipped with the topology of convergence in probability and in this case it is a complete, metrizable, topological vector space, but is not in general locally convex (see e.g. [2] ).
A Borel measure µ on Φ ′ β is called a Radon measure if for every Γ ∈ B(Φ ′ β ) and ǫ > 0, there exist a compact set K ǫ ⊆ Γ such that µ(Γ\K ǫ ) < ǫ. In general not every Borel measure on Φ is Radon, however, when Φ is a Fréchet nuclear space or a countable inductive limit of Fréchet nuclear spaces, then every Borel measure on Φ ′ β is a Radon measure (see Corollary 1.3 of Dalecky and Fomin [5] , p.11). For any n ∈ N and any φ 1 , . . . , φ n ∈ Φ, we define a linear map π φ1,...,φn :
The map π φ1,...,φn is clearly linear and continuous. Let M be a subset of Φ. A subset of Φ ′ of the form
where n ∈ N, φ 1 , . . . , φ n ∈ M and A ∈ B (R n ) is called a cylindrical set based on M . The set of all the cylindrical sets based on M is denoted by Z(Φ ′ , M ). It is an algebra but if M is a finite set then it is a σ-algebra. The σ-algebra generated by Z(Φ ′ , M ) is denoted by C(Φ ′ , M ) and it is called the cylindrical σ-algebra with respect to ( A function µ :
where for each φ ∈ Φ,
φ , is called the characteristic function of µ. In general, a cylindrical measure on Φ ′ does not extend to a Borel measure on Φ ′ β . However, necessary and sufficient conditions for this can be given in terms of the continuity of its characteristic function by means of the Minlos theorem (see [5] , Theorem 1.3, Chapter III, p.88).
Theorem 2.7 (Minlos theorem). Let Φ be a nuclear space. For a function F : Φ → C to be the characteristic function of a Radon probability measure on Φ ′ β it is sufficient, and necessary if Φ is barrelled, that it be positive definite, continuous at zero and satisfies F (0) = 1.
The map µ X is called the cylindrical distribution of X and it is cylindrical probability measure on Φ ′ . If X is a cylindrical random variable in Φ ′ , the characteristic function of X is defined to be the characteristic function µ X : Φ → C of its cylindrical distribution µ X . Therefore, µ X (φ) = Ee iX(φ) , ∀ φ ∈ Φ. Also, we say that X is n-integrable if
, and it is a Borel probability measure on Φ ′ β . For each φ ∈ Φ we denote by X[φ] the real-valued random variable defined by X[φ](ω) := X(ω) [φ] , for all ω ∈ Ω. Then, the mapping φ → X[φ] defines a cylindrical random variable. Therefore, the above concepts of characteristic function and integrability can be analogously defined for Φ ′ β -valued random variables in terms of the cylindrical random variable they determines.
Very important for our forthcoming arguments is the following class of Φ ′ β -valued random variables introduced by Itô and Nawata in [14] . 
A sufficient condition for the existence of a regular version is given in the following result due to Itô and Nawata (see [14] ): Theorem 2.9 (Regularization theorem). Let X be a cylindrical random variable in Φ ′ such that X : Φ → L 0 (Ω, F , P) is continuous. Then, X has a unique (up to equivalence) Φ 
The distribution µ X of X is a Radon probability measure. One has the implications: (1) ⇒ (2) and if Φ is nuclear, then (2) ⇒ (1) and (2) ⇒ (3). Moreover, if Φ is barrelled, then (3) ⇒ (1). Proof. (1) ⇒ (2): Let θ be a countably Hilbertian topology on Φ as in Definition 2.8. As the topology θ is weaker than the nuclear topology on Φ, it is sufficient to show that the map φ → X[φ] is continuous from Φ θ into L 0 (Ω, F , P). To show this, note that if {φ n } n∈N is a sequence converging to φ in Φ θ , then the fact that P(ω :
Hence, because Φ θ is first-countable (this is because it is pseudo-metrizable, see Proposition 2.4) it then follows that the map
is continuous, because Φ is nuclear the regularization theorem (Theorem 2.9) shows that X has a regular version. But this clearly implies that X is also regular.
(2) ⇒ (3): The assumption that φ → X[φ] is continuous implies that the characteristic function of X is continuous. If Φ is nuclear the Minlos theorem (Theorem 2.7) shows that the distribution µ X of X is a Radon probability measure.
(3) ⇒ (1): Assume that Φ is barrelled and that µ X is a Radon measure. Let {ǫ n } n∈N be a decreasing sequence of positive real numbers converging to zero. For every n ∈ N, because µ X is a Radon probability measure there exists a compact subset
Because Φ is barrelled and each K n is bounded, there exists an increasing sequence of continuous Hilbertian semi-norms {p n } n∈N on Φ such that for every n ∈ N, K n ⊆ B pn (1) 0 , where B pn (1) 0 is the polar set of B pn (1) (see [33] , Result 5.2, Chapter IV, p.141). Then, as B pn (1) 0 is the unit ball of the Hilbert space Φ ′ pn , it follows that
Hence, as ǫ n → 0 it follows from the above inequality that P X ∈ n∈N Φ ′ pn = 1. Then, if θ is the countably Hilbertian topology generated by the semi-norms {p n } n∈N it follows from (2.1) that P(ω : X(ω) ∈ Φ ′ θ ) = 1 and hence X is a regular random variable.
The following is an useful property of regular random variables.
Proof. We only have to prove the sufficiency. Assume X and Y are regular and let {p n } n∈N be a sequence of Hilbertian semi-norms on Φ such that Definition 2.8 is satisfied for both X and Y . If θ is the countably Hilbertian topology on Φ determined by the semi-norms {p n } n∈N , then P(Ω θ ) = 1, where Ω θ = {ω ∈ Ω :
Because Φ θ is separable, there exists a countable subset {φ j : j ∈ N} of Φ that is dense in Φ θ . For every j ∈ N, it follows from our hypothesis that P(Ω j ) = 1, where
Fix ω ∈ Γ and let φ ∈ Φ. Then, there exists a sequence {φ j k } k∈N ⊆ {φ j : j ∈ N} that converges to φ in Φ θ . Therefore, as
As the above is true for any φ ∈ Φ, it follows that X(ω) = Y (ω) for every ω ∈ Γ. Therefore, X = Y P-a.e.
We say that X = {X t } t∈J is a cylindrical process in Φ ′ if X t is a cylindrical random variable, for each t ∈ J. Clearly, any Φ ′ β -valued stochastic processes X = {X t } t∈J defines a cylindrical process under the prescription:
We will say that it is the cylindrical process determined by X.
A
A Φ ′ β -valued stochastic process X is continuous (respectively càdlàg if for Pa.e. ω ∈ Ω, the sample paths t → X t (w) ∈ Φ ′ β of X are continuous (respectively right-continuous with left limits).
Let X = {X t } t∈J be a Φ ′ β -valued stochastic processes. We say that X is regular if for every t ∈ J, X t is a regular random variable. Some useful properties of Φ ′ β -valued regular processes are given below.
Then X is a version of Y . Furthermore, if X and Y are right-continuous then they are indistinguishable processes.
e., then Proposition 2.11 shows that X t = Y t P-a.e. Therefore, X is a version of Y . Now, assume that both X and Y are right-continuous. Let Ω X and Ω Y denote respectively the sets of all ω ∈ Ω such that the maps t → X t (ω) and t → Y t (ω) are right-continuous.
and by the right-continuity of X and Y and the denseness of Q + in J, it follows by a standard argument that
Thus, X and Y are indistinguishable.
The Regularization Theorem for Cylindrical Stochastic Processes
Assumption 3.1. From now on, Φ will always denote a nuclear space over R.
The main result of this paper is the following theorem that establish conditions for the existence of a Φ ′ β -valued, regular, continuous (or càdlàg) version for a cylindrical process in Φ ′ .
Theorem 3.2 (Regularization Theorem)
. Let X = {X t } t≥0 be a cylindrical process in Φ ′ satisfying: (1) For each φ ∈ Φ, the real-valued process X(φ) = {X t (φ)} t≥0 has a continuous (respectively càdlàg) version. (2) For every T > 0, the family
is equicontinuous. Then, there exists a countably Hilbertian topology ϑ X on Φ and a ( Φ ϑX )
regular, continuous (respectively càdlàg) version of X that is unique up to indistinguishable versions.
We proceed to prove Theorem 3.2. Let X = {X t } t∈[0,T ] be a cylindrical process in Φ ′ satisfying conditions (1) and (2) of Theorem 3.2. Without loss of generality we assume that each X(φ) = {X t (φ)} t≥0 has a continuous version. The càdlàg version case follows from the same arguments.
The next proposition constitutes the main step in the proof of Theorem 3.2.
Proposition 3.3. For every T > 0 there exists a countably Hilbertian topology ϑ T on Φ and a ( Φ ϑT )
For the benefit of the reader we split the proof of Proposition 3.3 in several steps. Fix
It is clear from the corresponding properties of X that X determines a cylindrical process X = { X t } t∈[0,T ] in Φ ′ . Moreover, we have the following result.
Lemma 3.4. There exists a weaker countably Hilbertian topology θ on Φ such that the family of linear maps
Proof. Let {ǫ n } n∈N be a decreasing sequence of positive numbers converging to zero. From the equicontinuity of the family of linear maps {X t : t ∈ [0, T ]} and from the fact that X(φ) is a version of X(φ) for each φ ∈ Φ, it follows that for every n ∈ N there exists a continuous Hilbertian semi-norm p n on Φ such that
Then, if θ is the countably Hilbertian topology on Φ generated by the semi-norms {p n } n∈N , it follows from (3.1) and the fact that lim n→∞ ǫ n = 0 that the family
For the next result we need the following terminology. Let C T (R) and D T (R) denote respectively the space of continuous and càdlàg real-valued processes defined in [0, T ], both are considered equipped with the topology of uniform convergence in probability on [0, T ].
Proof. Let θ be a countably Hilbertian topology on Φ as in Lemma 3.4. Then, for every t ∈ [0, T ], the map X t : Φ θ → L 0 (Ω, F , P) is linear and continuous. Therefore, for all t ∈ [0, T ] there exists a continuous and linear map
where J is the canonical embedding from Φ θ into its completion Φ θ (see [15] , Theorem 2, Section 3.4, p.61-2).
We are going to show that the linear map X from Φ θ into C T (R) given by φ → X(φ) = { X t (φ)} t∈[0,T ] is closed. Let {φ n } n∈N be a sequence converging to φ in Φ θ and assume that there exists Y ∈ C T (R) such that sup t∈[0,T ] X t (φ n ) − Y t converges in probability to 0 as n → ∞. We have to prove that
First, for every t ∈ [0, T ] the continuity of the map X t : Φ θ → L 0 (Ω, F , P) and the fact that {φ n } n∈N converges to φ in Φ θ implies that the sequence of random variables { X t (φ n )} n∈N converges in probability to X t (φ).
On the other hand, as sup t∈[0,T ] X t (φ n ) − Y converges in probability to 0 as n → ∞, then for every t ∈ [0, T ] the sequence of random variables { X t (φ n )} n∈N converges in probability to Y t . Therefore, by uniqueness of limits in L 0 (Ω, F , P) it follows that X t (φ) = Y t P-a.e. for every t ∈ [0, T ], and hence
Then, the linear map X : Φ θ → C T (R) is sequentially closed and therefore closed because Φ θ is pseudo-metrizable (Proposition 2.4) and hence first-countable. Now, because Φ θ is a Baire space (Proposition 2.4) and C T (R) is a complete, metrizable, topological vector space, the closed graph theorem (see [26] , Theorem 14.3.4, p.465) shows that X is continuous. Now, because for every
Therefore, as both X and J are continuous, it follows that X is also continuous.
Moreover, as the topology θ is weaker than the nuclear topology on Φ, it follows that X is continuous as a map from Φ into C T (R).
Remark 3.6. In the case that for each φ ∈ Φ, X(φ) = {X t (φ)} t∈[0,T ] has a càdlàg version X(φ) = { X t (φ)} t∈[0,T ] , then in Lemma 3.5 we have that the linear mapping X from Φ into D T (R) given by φ → X(φ) is continuous. 
Proof. We proceed in a way similar to Lemma 1 of Mitoma [24] . Let ǫ > 0. From the continuity of the exponential function there exists δ > 0 such that 1 − e ir ≤ ǫ 2
if |r| ≤ δ. Now, from the continuity of the map φ → X(φ) from Φ into C T (R) (Lemma 3.5), there exists a continuous Hilbertian semi-norm p on Φ such that
On the other hand, because
Therefore, from the above inequalities we obtain (3.2).
Lemma 3.8. There exists an increasing sequence of continuous Hilbertian seminorms {q n } n∈N on Φ, a subset Ω Y of Ω such that P (Ω Y ) = 1 and a sequence of stochastic processes
Proof. We follow similar arguments to those used by Itô and Nawata in [14] . Let D be a countable dense subset of [0, T ]. Let {ǫ n } n∈N be a sequence of positive numbers such that n∈N ǫ n < ∞. From Lemma 3.7 there exist and increasing sequence of continuous Hilbertian semi-norms {p n } n∈N on Φ such that for each n ∈ N, ǫ n and p n satisfy (3.2). Now, as Φ is nuclear, there exists an increasing sequence of continuous Hilbertian semi-norms {q n } n∈N on Φ such that for each n ∈ N, p n ≤ q n and the inclusion i pn,qn is Hilbert-Schmidt. Let α be the countably Hilbertian topology on Φ generated by the semi-norms {q n } n∈N . The space Φ α is separable (Proposition 2.4). Let B = {ξ k : k ∈ N} be a countable dense subset of Φ α . For every n ∈ N, from an application of the Schmidt orthogonalization procedure to B, we can find a complete orthonormal system {φ qn j } j∈N ⊆ Φ of Φ qn , such that
with a j,k,n ∈ R and ϕ k,n ∈ Ker(q n ), for each j, k ∈ N.
Let n ∈ N. From the inequality
Integrating both sides of (3.6) with respect to m j=1 N C (dz j ), where N C is the centered Gaussian measure on R with variance 1/C 2 , we have
(3.7) On the other hand, as m j=1 N C (dz j ) is a Gaussian measure on R m , for each t ∈ [0, T ] and ω ∈ Ω we have exp
8) and therefore from (3.8) and the Fubini theorem it follows that
Then, from (3.5), (3.7) and (3.9), it follows that
where ||i pn,qn || L2(Φq n ,Φp n ) < ∞ as i pn,qn is Hilbert-Schmidt. Letting C → ∞, we get
Following the same arguments as above but now replacing φ qn j for ϕ j,n and using the fact that ϕ j,n ∈ Ker(p n ) for each j ∈ N (recall p n ≤ q n ), we have that
Then, if we define Ω n ⊆ Ω by
12) it follows from (3.10) and (3.11) that
The next point in our agenda is to define the set Ω Y of P-measure 1 and the stochastic processes
, n ∈ N, that satisfy the properties (1)-(3) in the statement of the Lemma. But before, we set some additional notation.
For every n ∈ N, let Γ n ⊆ Ω given by
Then, for each n ∈ N we have P(Γ n ) = 1. Also, for each n ∈ N define A n ⊆ Ω by
(3.15) For every n ∈ N, it follows from (3.4) and the linearity of each X t that P(A n ) = 1. Now, for n ∈ N define
Then, it follows from (3.13) and the fact that P(Γ n ) = 1 and P(A n ) = 1 that
We are ready to define the stochastic processes Y (n) , n ∈ N. For each n ∈ N, let {f 
qn -valued stochastic process. This is because if ω ∈ Λ n , then the infinite sum in (3.18) is convergent, as from Parseval's identity, (3.12), (3.16) and (3.18), we have: 
, for all j ∈ N and t ∈ [0, T ]. Similarly, from the fact that q n (ϕ j,n ) = 0 for all j ∈ N, we have f qn j [i qn ϕ j,n ] ≤ q ′ n (f qn j )q n (i qn ϕ j,n ) = 0 for all j ∈ N, then (3.12), (3.16) and (3.18) implies that for each ω ∈ Λ n , Y (n) t (ω)[i qn ϕ j,n ] = X t (ϕ j,n )(ω) = 0 for all t ∈ D, j ∈ N. So, by (3.14), (3.15) and (3.16) we have
(3.20)
Now we are going to show that (3.20) implies that for every
Let φ ∈ Φ. Since B = {ξ k : k ∈ N} is dense in Φ α , there exists a sequence {ξ kj } j∈N ⊆ B that α-converges to φ. As α is the countably Hilbertian topology generated by the semi-norms {q n } n∈N , then {i qn ξ kj } j∈N converges to i qn φ in Φ qn as j → ∞. Therefore,
On the other hand, observe that (3.3) implies that X : Φ → C T (R), φ → X(φ), is continuous with respect to the countably Hilbertian topology on Φ generated by the semi-norms {p n } n∈N and since this topology is weaker than α (because p n ≤ q n for all n ∈ N), then it is also α-continuous. Therefore, there exists ∆ φ ⊆ Ω with P(∆ φ ) = 1 and a subsequence {ξ kj,ν } ν∈N of {ξ kj } j∈N such that for all ω ∈ ∆ φ ,
Then, (3.20) and the uniqueness of limits implies that
Our final step is to define the set Ω Y and to verify that it and the processes Y (n) , n ∈ N, defined in (3.18) satisfy the conditions (2) and (3) of the statement of the Lemma. First, it follows from (3.17), our assumption that n∈N ǫ n < ∞, and the Borel-Cantelli lemma that
Let ω ∈ Ω Y . Then, it follows from (3.19) and (3.22) that there exists some N (ω) such that for all n ≥ N (ω), sup t∈D q ′ n (Y (n) t (ω)) < ∞. Thus, the property (2)(a) in the statement of the Lemma is satisfied. Moreover, from (3.20) and (3.22) there exists N (ω) such that for all m ≥ n ≥ N (ω), for every k ∈ N and t ∈ [0, T ] we have Y
. But as B = {ξ j } j∈N is dense Φ α , and therefore in Φ qm and in Φ qn , then it follows that for all
(ω). Hence, the property (2)(b) of the statement of the Lemma is also satisfied.
Finally, the property (3) of the statement of the Lemma is a consequence of (3.21) and (3.22).
Proof of Proposition 3.3. We use similar arguments to those used by Mitoma in [24] . Let {q n } n∈N , Ω Y and {Y (n) } n∈N be as given in Lemma 3.8. Let {̺ n } n∈N be an increasing sequence of continuous Hilbertian semi-norm on Φ such that for every n ∈ N, q n ≤ ̺ n and i qn,̺n is Hilbert-Schmidt. Let ϑ be the countably Hilbertian topology on Φ generated by the semi-norms {̺ n } n∈N . The topology ϑ is weaker than the nuclear topology on Φ.
Moreover, from Proposition 2.4 we have that the completion Φ ϑ of Φ ϑ satisfies
Now, for every n ∈ N the map i ̺n is linear and continuous from Φ ϑ into Φ ̺n , and therefore i ̺n has a unique continuous and linear extension i ̺n : Φ ϑ → Φ ̺n (see [15] , Theorem 2, Section 3.4, p.61-2). Hence, for each n ∈ N the dual map
′ β is linear and continuous, and corresponds to the canonical inclusion from Φ ′ . Now, as for all m, n ∈ N, m ≥ n, we have q n ≤ q m , q n ≤ ̺ n , and q m ≤ ̺ m , then the following diagram commutes:
Then Lemma 3.8(2)(b) and (3.25) implies that for each
Therefore, Y t is well-defined. Finally, the fact that Y t is B(( Φ ϑ ) ′ β )/F -measurable map is a consequence of (3.24), the fact that Y 
where ||i qn,̺n || L2(Φ̺ n ,Φq n ) < ∞ because i qn,̺n is Hilbert-Schmidt. Next we prove the right continuity of the map t → Y t (ω) in Φ 
Finally, the fact that for every φ ∈ Φ, Y [φ] is a version of X(φ) is a direct consequence of Lemma 3.8 (3), (3.24) and because X(φ) is a version of X(φ).
Proof of Theorem 3.2. Let {T k } k∈N an increasing sequence of positive numbers such that lim k→∞ T k = ∞. From Proposition 3.3, for every k ∈ N there exists a countably Hilbertian topology ϑ T k on Φ determined by an increasing sequence {̺ k,n } n∈N of continuous Hilbertian semi-norms on Φ, and a (
Without loss of generality we can assume that for every k ∈ N, ̺ k,n ≤ ̺ k+1,n , for all n ∈ N. This implies that for every k ∈ N, the topology ϑ T k+1 is weaker than ϑ T k and therefore that the canonical inclusion i ϑT k ,ϑT k+1 : Φ ϑT k+1 → Φ ϑT k is linear and continuous. Then, this map has a unique continuous and linear extension i ϑ k ,ϑ k+1 :
′ β is also linear and continuous, and corresponds to the canonical inclusion from ( Φ ϑT k )
Let ϑ X be the countably Hilbertian topology on Φ generated by the semi-norms {̺ k,n : n, k ∈ N}. Then, for each k ∈ N the topology ϑ T k is weaker than ϑ X . Hence the canonical inclusion i ϑT k ,ϑX from Φ ϑX into Φ ϑT k is linear and continuous. This map has an extension i ϑT k ,ϑX : Φ ϑX → Φ ϑT k that is also linear and continuous.
The dual operator (
and is linear and continuous. For every k ∈ N, one can easily verify that i ϑT k ,ϑX = i ϑ k ,ϑ k+1 • i ϑT k+1 ,ϑX and hence
′ β -valued continuous process. To prove this, note that for any k ∈ N,
′ β -valued processes. Moreover, for every φ ∈ Φ and t ∈ T k we have P-a.e.
Then, Proposition 2.12 shows that {(
Moreover, by the properties of the processes Y (T k ) and the definition of Y it follows that for every φ ∈ Φ, Y [φ] is a version of X(φ). Now, as the topology ϑ X is weaker than the nuclear topology on Φ, then Φ (equipped with the nuclear topology) is continuously embedded in Φ θX , but as this last is continuously embedded in Φ ϑX , it follows that Φ is continuously embedded in Φ ϑX . Then, the space ( Φ ϑX ) ′ β is continuously embedded in Φ ′ β , and this implies that Y is a Φ ′ β -valued, regular, continuous process that is a version of X.
Finally, to prove the uniqueness note that if Z is another version of X satisfying the properties in the Theorem, then for every φ ∈ Φ and t ≥ 0, The assumption (2) in Theorem 3.2 of equicontinuity for every T > 0 of the family of cylindrical random variables {X t : t ∈ [0, T ]} was important to show that the map φ → { X t (φ)} t∈[0,T ] from Φ into C T (R) (respectively D T (R)) is continuous (Lemma 3.5). The next results shows that we can obtain the same conclusion without the above local equicontinuity property under the additional assumption that Φ is ultrabornological, i.e. that Φ is the inductive limit of Banach spaces (see [26] , Theorem 13.2.11, p.448-9). Note that in the result below no nuclearity of the space is required. Proposition 3.10. Let Ψ be an ultrabornological space and let X = {X t } t∈[0,T ] , be a cylindrical process in Ψ ′ such that for each ψ ∈ Ψ, the real-valued process {X t (ψ)} t∈[0,T ] has a continuous (respectively càdlàg) version. Assume that for
Proof. We can prove that the map ψ → {X t (ψ)} t∈[0,T ] from Ψ into C T (R) (respectively D T (R)) is sequentially closed by following similar arguments to those used in the proof of Lemma 3.5. Then, as Ψ is ultrabornological and C T (R) (respectively D T (R)) is a complete, metrizable, topological vector space, the closed graph theorem (see [15] , Proposition 2, Section 5.2 and Theorem 2, Section 5.4, p.90,94) shows that ψ → {X t (ψ)} t∈[0,T ] is continuous.
We have the following version of the regularization theorem for cylindrical processes in the dual of an ultrabornological nuclear space.
Corollary 3.11. Let Φ be an ultrabornological nuclear space. Let X = {X t } t≥0 be a cylindrical process in Φ ′ satisfying: (1) For each φ ∈ Φ, the real-valued process X(φ) = {X t (φ)} t≥0 has a continuous (respectively càdlàg) version.
Then, there exists a countably Hilbertian topology ϑ X on Φ and a ( Φ ϑX )
valued, regular, continuous (respectively càdlàg) version of X that is unique up to indistinguishable versions. Proof. Let T > 0. With the same terminology as in the proof of Proposition 3.3, it follows from Proposition 3.10 that the linear mapping from Φ into C T (R) (respectively D T (R)) given by ψ → { X t (φ)} t∈[0,T ] is continuous. We can use this result to prove Lemma 3.7. Then, the same arguments used in the remain of the proof of Proposition 3.3 show that the conclusions of Proposition 3.3 are still valid in our present context. Therefore, the proof of Theorem 3.2 can be replicated without any change and showing the existence of the countably Hilbertian topology θ X and the ( Φ ϑX ) ′ β -valued process Y satisfying the conclusions of the corollary. From the above result we obtain the following version of the regularization theorem for stochastic processes taking values in the dual of an ultrabornological nuclear space.
Corollary 3.12. Let Φ be an ultrabornological nuclear space. Let X = {X t } t≥0 be a Φ ′ β -valued process satisfying: (1) For each φ ∈ Φ, the real-valued process X[φ] = {X t [φ]} t≥0 has a continuous (respectively càdlàg) version. (2) For every t ≥ 0, the distribution µ Xt of X t is a Radon probability measure. Then, there exists a countably Hilbertian topology ϑ X on Φ and a ( Φ ϑX )
valued, regular, continuous (respectively càdlàg) version of X that is unique up to indistinguishable versions. Proof. First, because the space Φ is ultrabornological it is also barreled (see [26] , p.449). Hence, it follows from the assumption (2) in the Corollary and from Theorem 2.10 that for each t ≥ 0 the map
is continuous. Then, the existence of the countably Hilbertian topology θ X and the ( Φ ϑX ) ′ β -valued process Y satisfying the conclusions of the corollary follows from Corollary 3.11.
We finish this section with some comparisons of our results with those obtained by other authors.
First, it is clear that Theorem 3.2 is a generalization of the regularization theorem of Itô and Nawata (Theorem 2.9). Now, if Φ is a nuclear space that is also a Fréchet space or the countable inductive limit of Fréchet spaces, then Φ is an ultrabornological space (see [15] , Corollaries 4 and 5, Section 13.1, p.273). In this case if X = {X t } t≥0 is a Φ ′ β -valued process then for every t ≥ 0 we have that µ Xt is a Radon probability measure (see Section 2.2). Then, if for each φ ∈ Φ, the real-valued process
has a continuous (respectively càdlàg) version, then Corollary 3.12 shows that X has a Φ ′ β -valued continuous (respectively càdlàg) version. Therefore, Corollary 3.12 (and consequently Theorem 3.2) generalizes the results obtained by Mitoma [24] , Fouque [10] and Fernique [8] .
On the other hand, Martias [21] showed a version of the regularization theorem under the assumptions that Φ is a separable nuclear space and that X is of the form
is a real-valued process with a continuous (respectively càdlàg) version and also assuming that the map In this section we introduce conditions for the existence of continuous and càdlàg versions taking values in a Hilbert space Φ ′ ̺ , where ̺ is a continuous Hilbertian semi-norm on Φ. We start with the following result that specializes the Regularization Theorem.
Theorem 4.1. Let X = {X t } t≥0 be a cylindrical process in Φ ′ satisfying: (1) For each φ ∈ Φ, the real-valued process X(φ) = {X t (φ)} t≥0 has a continuous (respectively càdlàg) version. (2) There exists a continuous Hilbertian semi-norm p on Φ such that for every 
Then, for all t ∈ [0, T ] the map X t has a continuous and linear extension X t : Φ p → L 0 (Ω, F , P). Hence, from similar arguments to those in the proof of Lemma 3.5 we can show that the linear mapping
Hence, in the proof of Lemma 3.8, we have that (3.3) is satisfied for p n = p, for all n ∈ N. In that case, we have in (3.12), (3.14) and (3.15) that q n = q for some continuous Hilbertian semi-norm q on Φ, p ≤ q, and such that i p,q is Hilbert-Schmidt. Therefore, we have from (3.16) and (3.18) that Λ n = Λ m and Y (n) = Y (m) for all m, n ∈ N. If we choose ̺, q ≤ ̺, such that i q,̺ is HilbertSchmidt, and if in the proof of Proposition 3.3 we take ̺ n = ̺ for all n ∈ N, then
Let {T k } k∈N an increasing sequence of positive numbers such that lim k→∞ T k = ∞. Then, as proved on the above paragraph for each k ∈ N there exists a Φ
Note that Y is a well-defined Φ ′ ̺ -valued process. To prove this, observe that for each each k ∈ N, Y (k) and Y (k+1) are continuous processes such that for every φ ∈ Φ, Y (k) Let X = {X t } t≥0 be a cylindrical process in Φ ′ satisfying: (1) For each φ ∈ Φ, the real-valued process X(φ) = {X t (φ)} t≥0 has a continuous (respectively càdlàg) version. (2) For every T > 0, the family
Then, there exists a countably Hilbertian topology ϑ X on Φ determined by an increasing sequence {q k } k∈N of continuous Hilbertian semi-norms on Φ and a
Furthermore, Y is a Φ ′ β -valued, regular, continuous (respectively càdlàg) version of X that is unique up to indistinguishable versions. Proof. We prove the continuous case as the càdlàg case follows from similar arguments. We do this in two steps.
Step 1 We are going to prove the following: For every T > 0 there exists a continuous Hilbertian semi-norm q on Φ and a Φ ′ q -valued continuous process
Let T > 0 and define p :
We proceed to show that p is a continuous semi-norm on Φ. First, observe that the map from Φ into C n T (R) given by φ → X(φ) = {X t (φ)} t∈[0,T ] is linear. Then, because ||·|| n,T its a norm on C n T (R) and p(φ) = ||X(φ)|| n,T for all φ ∈ Φ, it follows that p is a semi-norm.
To prove that p is continuous, one can use the closed graph theorem and similar arguments to those used in the proof of Lemma 3.5 to show that the map φ → X(φ) from Φ into C n T (R) is continuous. But because p(φ) = ||X(φ)|| n,T , for all φ ∈ Φ, then the continuity of the maps φ → X(φ) and Z → ||Z|| n,T implies that p is continuous. Now, from the Markov and Jensen inequalities, for any ǫ > 0 we have
Therefore, the map X : Φ → C T (R) given by ψ → X(φ) = {X t (φ)} t∈[0,T ] is p-continuous. Now, as the topology on Φ is generated by a family of Hilbertian semi-norms and because the semi-norm p is continuous, there exists a continuous Hilbertian semi-norm ̺ on Φ such that p ≤ ̺. This implies that the map X : Φ → C T (R) is ̺-continuous. Then, it follows from Theorem 4.1 that there exists a continuous Hilbertian semi-norm r on Φ, ̺ ≤ r such that i r,̺ is Hilbert-Schmidt and such that X has a Φ
. Let q be a continuous Hilbertian semi-norm on Φ such that r ≤ q and i r,q is Hilbert-Schmidt. Then, the dual operator i ′ r,q : Φ ′ r → Φ ′ q is Hilbert-Schmidt and hence is n-summing (see [7] , Corollary 4.13, p.85). Then, from the Pietsch domination theorem (see [7] , Theorem 2.12, p.44) there exists a constant C > 0, and a Radon probability measure ν on the unit ball B * r (1) of Φ r (equipped with the weak topology) such that,
is a continuous and linear map from Φ r into C n T (R). Therefore, it follows from (4.2) that,
Step 2 Let {T k } k∈N an increasing sequence of positive numbers such that lim k→∞ T k = ∞. Then, it follows from Step 1 that for each k ∈ N there exists a continuous Hilbertian semi-norm q k on Φ and a Φ ′ q k -valued continuous process
Without loss of generality we can assume that the sequence of semi-norms {q k } k∈N is increasing. Let ϑ X be the countably Hilbertian topology on Φ generated by the semi-norms {q k } k∈N . Take Y = {Y t } t≥0 defined by the prescription Y t = Y Let X = {X t } t≥0 be a cylindrical process in Φ ′ satisfying: (1) For each φ ∈ Φ, the real-valued process X(φ) = {X t (φ)} t≥0 has a continuous (respectively càdlàg) version. (2) There exists n ∈ N and a continuous Hilbertian semi-norm ̺ on Φ such that for all T > 0 there exists C(T ) > 0 such that
Then, there exists a continuous Hilbertian semi-norm q on Φ, ̺ ≤ q, such that i ̺,q is Hilbert-Schmidt and there exists a Φ ′ q -valued continuous (respectively càdlàg) process, satisfying:
Furthermore, Y is a Φ ′ β -valued continuous (respectively càdlàg) version of X that is unique up to indistinguishable versions. Proof. As before, we will prove the continuous case as the càdlàg case follows similarly.
Fix T > 0. Note that (4.3) is equivalent to p ≤ C(T ) 1/n ̺, where p is the seminorm defined in (4.1). Therefore, the map from Φ into C T (R) given by φ → X(φ) = {X t (φ)} t∈[0,T ] is ̺-continuous. Hence, similar arguments to those in Step 1 of the proof of Theorem 4.2 show that there exists a continuous Hilbertian semi-norm q on Φ (only depending on ̺), ̺ ≤ q, such that i ̺,q is Hilbert-Schmidt, and a Φ
Let {T k } k∈N an increasing sequence of positive numbers such that lim k→∞ T k = ∞. Then, as proved in the above paragraph for each k ∈ N there exists a Φ
Observe that for each k ∈ N, the Φ 
Applications to Cylindrical Martingales in Φ ′
In this section we apply the results in Section 4 to study some properties of cylindrical martingales in Φ ′ . Consider a filtration {F t } t≥0 on (Ω, F , P) that satisfies the usual conditions, i.e. it is right continuous and F 0 contains all sets of F of P-measure zero.
Let n ≥ 1. Denote by M n (R) the space of all the real-valued martingales M = {M t } t≥0 satisfying ||M || M n (R) = E sup It is clear that ||·|| M n (R) defines a norm on M n (R). Moreover, (M n (R), ||·|| M n (R) ) is a Banach space (see [6] ). Note that if the real-valued martingale M = {M t } t≥0 satisfies sup t≥0 E (|M t | n ) < ∞, for n > 2, then Doob's inequality shows that ||M || M n (R) < ∞ and hence M ∈ M n (R).
Definition 5.1. A cylindrical martingale in Φ ′ is a cylindrical process M = {M t } t≥0 such that for each φ ∈ Φ, the real-valued process M (φ) = {M t (φ)} t≥0 is a {F t }-adapted martingale.
The following theorem contains some of the basic properties of cylindrical martingales in Φ ′ .
Theorem 5.2. Let M = {M t } t≥0 be a cylindrical martingale in Φ ′ such that for each t ≥ 0 the map M t : Φ → L 0 (Ω, F , P) is continuous. Then, M has a Φ (2) Moreover, if for n ≥ 2, sup t≥0 E (|M t (φ)| n ) < ∞ for each φ ∈ Φ, then there exists a continuous Hilbertian semi-norm q on Φ such that M is a Φ ′ q -valued càdlàg martingale satisfying E sup t≥0 q ′ ( M t ) n < ∞.
If for each φ ∈ Φ the real-valued process {M t (φ)} t≥0 has a continuous version, then M can be chosen to be continuous and such that it satisfies (1)−(2) above replacing the property càdlàg by continuous. Proof. To show the existence of the Φ ′ β -valued càdlàg version M of M we need to check that the conditions in Theorem 3.2 are satisfied. As for each φ ∈ Φ, M t (φ) is a real-valued martingale, then it has a càdlàg version. Then it only remains to verify that for every T > 0 the family {M t : t ∈ [0, T ]} ⊆ L(Φ, L 0 (Ω, F , P)) is equicontinuous.
Let T > 0. First note that because for all φ ∈ Φ, {|M t (φ)|} t≥0 is a positive submartingale, then by Doob's tail martingale inequality we have for any ǫ > 0, If M is n-th integrable, for n ≥ 2, then it follows from Doob's inequality that for every T > 0 and φ ∈ Φ we have To prove (2), note that for each φ ∈ Φ the condition sup t≥0 E (|M t (φ)| n ) < ∞ implies that M (φ) = {M t (φ)} t≥0 ∈ M n (R). Then, M defines a linear map φ → M (φ) from Φ into M n (R). We can show that this map is continuous by using similar arguments to those used in Lemma 3.5. Then, it follows from (5.1) that p : Φ → [0, ∞) defined by
is a continuous semi-norm on Φ. Let ̺ be a continuous Hilbertian semi-norm on Φ such that p ≤ ̺. Then, it follows from the definition of p and Chebyshev's inequality that for every ǫ > 0 we have
Therefore, for every t ≥ 0 the map M t : Φ → L 0 (Ω, F , P) is ̺-continuous. Hence, Theorem 4.1 shows that there exists a continuous Hilbertian semi-norm r on Φ, ̺ ≤ r such that i r,̺ is Hilbert-Schmidt and such that M has a Φ ′ r -valued càdlàg version M = { M t } t≥0 that is a martingale. Moreover, because p ≤ r is clear that M defines a continuous and linear map φ → M (φ) from Φ r into M n (R). Then, from a modification of the arguments in Step 2 of the proof of Theorem 4.2, we can show that there exists a continuous Hilbertian semi-norm q on Φ, r ≤ q, such that M has a Φ ′ q -valued càdlàg version M = { M t } t≥0 that is a martingale and satisfies E sup t≥0 q ′ ( M t ) n < ∞.
Remark 5.3. The results in Theorem 5.2 (for the case n = 2) were originally proved by Mitoma (see [23] ; see also [17] , Theorems 3.1.3-4) for the case of martingales in the strong dual of a nuclear Fréchet space. Note that we have been able to extend these results to any nuclear space and for n-integrable martingales for any n ≥ 2.
